The problem of portfolio allocation in the context of stocks evolving in random environments, that is with volatility and returns depending on random factors, has attracted a lot of attention. The problem of maximizing a power utility at a terminal time with only one random factor can be linearized thanks to a classical distortion transformation. In the present paper, we address the problem with several factors using a perturbation technique around the case where these factors are perfectly correlated reducing the problem to the case with a single factor. We illustrate our result with a particular model for which we have explicit formulas. A rigorous accuracy result is also derived using sub-and super-solutions of the HJB equation involved. In order to keep the notations as explicit as possible, we treat the case with one stock and two factors and we describe an extension to the case with two stocks and two factors.
Introduction
The portfolio optimization problem was first introduced and studied in the continuous-time framework in [15, 16] , which provided explicit solutions on how to trade stocks and/or how to consume so as to maximize one's utility, with risky assets following the Black-Scholes-Merton model (that is, geometric Brownian motions with constant returns and constant volatilities), and when the utility function is of specific types (for instance, Constant Relative Risk Aversion (CRRA)).
Stochastic volatility models have been widely studied over the last thirty years in the context of option pricing and the presence of several factors driving volatility has been well documented (see for instance [10] , [8] and references therein). In general setting the models are intractable and often asymptotical solutions are sought, see e.g. [17] , [11] , [12] , [5] .
In a general setting [14] showed existence and uniqueness of an optimal strategy using the duality approach. As an alternative approach, in a Markovian setting, the portfolio optimization problem with factors driving returns and volatility can be solved directly be describing it as a solution to an HJB equation with terminal condition given by the utility function. Example of the latter approach in a portfolio optimization problem with multiscale factor models for risky assets include [9] , where return and volatility are driven by fast and slow factors. Specifically, the authors heuristically derived the asymptotic approximation to the value function and the optimal strategy for general utility functions. This analysis is complemented in [6] and in [7] in a non-Markovian context. The multiscale feature is essential to be able to consider multiple factors, because each factor requires a unique time scale. The analysis simplifies considerably in the case of a single factor and power utilities thanks to a distortion transformation which linearizes the problem (see [18] , [9] , [7] ).
Our aim in this paper is to solve a problem with multiple factors of the same time scale. We do so by considering the case with multi factors and power utility as a perturbation problem around the case where the factors are perfectly correlated which in turns allows for an explicit solution given by a linear problem. Additionally, we find a "nearly-optimal" strategy, among all admissible strategies, without limiting them to strategies that asymptotically a-priori converge to the zeroth order strategy. The "nearly-optimal" strategy if followed has expected utility of the terminal wealth matching the value function at both zeroth and first order asymptotic expansion.
The main idea of this paper is to first calculate a heuristic asymptotic expansion in the correlation parameter. Then based on these expansion to construct a sub-and super solutions to the HJB equation, which in turn allow us to bound the value function from above and below similar to the method used e.g. in [2] and [3] . This procedure also produces a "nearly-optimal" strategy, and shows that the expected utility of the terminal wealth associated with strategy is also within the same bounds as the value function.
The rest of the paper is structured in the following way. In Section 2, we study in details the case of investments in one stock and a risk-free account where the returns and volatility of the stock are driven by two factors. Our asymtotics around the case of perfect correlation between these two factors reveals a simple correction to value function, which takes into account an imperfect correlation as well as a simple strategy which generates the corrected value function.
In Section 3, we extend the model studied in [4] which admits explicit formulas and enables us to illustrate the accuracy of our approximation. A proof of this accuracy is given in Section 4.
Finally, to demonstrate that our approach generalizes to the case with multi assets, we consider in Section 5.1 two assets driven by two factors nearly fully correlated. We also extend the model of [4] in that case and we discuss the difference with the models considered in [1] .
Models with one Stock and two Factors
We consider a model with a stock price driven by two correlated stochastic volatility factors:
The three Brownian motions B 1 , B 2 , and W are defined on a filtered probability space (Ω, F, F tt≥0 , P). We assume that the two Brownian Motions B 1 , B 2 are correlated according to d B 1 , B 2 t = ρ 12 dt, and that they are correlated to the Brownian Motion W according to d W, B 2 t = ρ i dt, i = 1, 2, with constant coefficients ρ 12 , ρ 1 , ρ 2 such that |ρ 12 | ≤ 1, |ρ 1 | < 1, |ρ 2 | < 1 and
Throughout the paper, we work under standing classical hypotheses on the coefficients of the system (1)- (2) ensuring existence and uniqueness of a strong solution.
We assume also that the market contains a bond, that carries zero interest rate for convenience. Let π t be the number of shares of stock held at time t. Thus, the evolution of the wealth X t following the self-financing strategy π t is given by:
and the value function of the optimal investment problem with terminal time T and utility U is the following:
where
, and the supremum is taken over all admissible Markovian strategies π s = π(s, X s , Z 1 (s), Z 2 (s)) such that X s stays nonnegative for all t ≤ s ≤ T given X t = x, Z 1 (t) = z 1 , Z 2 (t) = z 2 , and satisfy the integrability condition
In this paper we consider the case with utility functions U being of power type:
In this case, the value function v satisfies:
Maximization over π gives:
where v i denotes a derivative with respect to z i , i = 1, 2. Substituting (5) into (4), it follows that
where the Sharpe ratio λ is defined by λ(z 1 , z 2 ) = µ(z1,z2) σ(z1,z2) .
Fully Correlated Factors
Our goal is to find the value function v and the optimal strategy to achieve the maximum expected utility from the terminal wealth. We start by recalling the result from [9] as applied to our case. More specifically in the case of fully correlated factors Z 1 , Z 2 we are able to easily adapt the computations there as follows. Let us temporarily assume that ρ 12 = 1, then condition (3) forces us to also assume that ρ 1 = ρ 2 = ρ, with |ρ| < 1. We consider the "distortion transformation" used in [18] and [9] :
where the superscript (0) indicates that this function will be the zeroth order in the asymptotics presented in the following section. Denoting Γ = p 1−p , the function Ψ (0) satisfies
Choosing q = 1 1+Γρ 2 linearizes the equation to get:
Noting that in this case (ρ 12 = 1), we may assume that B 1 (t) = B 2 (t) = B(t), and we get a Feynman-Kac type formula:
whereP is defined so thatB t = B t − Γρ t 0 λ(Z 1 (s), Z 2 (s))ds is a standard Brownian Motion under it.
Asymptotics Around the Fully Correlated Case
We now go back to the general correlation structure. Our goal is to try and expand it around the fully correlated case that has been worked out now, the case when ρ 12 = 1, and ρ 1 = ρ 2 . Therefore, we now assume that ρ 1 , ρ 2 , ρ 12 have the following form:
i ε, i = 1, 2 and ρ 12 = 1 + ρ
where ρ
12 < 0 and ε is a small parameter, 0 < ε 1, small enough to ensure a proper covariance structure. Consider the ansatz
where the exponent q, chosen as in the perfectly correlated case, is given by q =
. Plugging this ansatz in the HJB equation (6) and canceling terms of zero order in ε gives that the function Ψ (0) satisfies (7) and is given by (9) . Cancelling the terms of order one in ε, we deduce that the function Ψ
(1) must solve:
where we have omitted the arguments of the functions β i and λ.
, and recalling that q =
, this equation can be written:
1 − ρρ
12 .
We now consider a zeroth order approximation to π * given in (5), by substituting the zeroth order approximation for v from (11), namely,
q and by using ρ 12 = 1, ρ 1 = ρ 2 = ρ, the zeroth order approximation from (10) . We obtain
We next use π = π 0, * in the supremum of (4) and evaluate the equation, and get:
where the last equality is obtained by cancelling the first two terms using the equations (7) and (12) satisfied by Ψ (0) and Ψ (1) respectively. To summarize, this formal computation shows that the strategy π = π 0, * given by (13) generates the value v given by (4) up to order ε.
An Example with Explicit Formula
We now consider a specific choice of a model (1)- (2), inspired by a model of Chacko and Viceira [4] , given by:
, and α i (z i ) = m i − z i , i = 1, 2, and with
Note that, in this example, the coefficients β i depend on both z 1 and z 2 which could have been included in (2) from the beginning without additional difficulties.
For convenience, also setλ =μ/σ. In this case, the solution to the zeroth order Ψ (0) is explicit. Noticing that at the zeroth order, there is a symmetry between z 1 and z 2 , we assume the ansatz:
Substituting this ansatz into (7) results in:
Assuming the right hand side of (15) has two distinct solutions, a ± =
, which is the case, when p < 1, we get that
We conclude from (13) that
Equation (12) for Ψ (1) becomes:
(1)
12 + 2ρ
2 ),
Using the fact that Ψ (0) satisfies (7), we look for a solution Ψ (1) in the form
In this case, A 1 and B 1 satisfy:
2 ) = 0, B 1 (T ) = 0.
It then follows that
2 )
T t A(s)ds.
Numerical Illustration
We illustrate our finding numerically, in the example of the extended Chacko and Viceira [4] model from Section 3. We use the parameters:
The graphs are all drawn as surfaces of (z 1 , z 2 ) assuming t = 0. In this case it is easily seen that the Feller condition for the diffusion (Z 1 + Z 2 ) is satisfied, which guarantees that Z 1 (t) + Z 2 (t) > 0. 
Proof of Accuracy
We now go back to the general case as in Section 2. The goal now is making the previous heuristic results rigorous. In other words, we prove the expansion in (11) is correct. Moreover, we want to show that the zeroth order strategy π 0, * from (13) indeed, achieves a good order approximation as claimed in (14). We again consider the original HJB equation (4), and attempt the substitution
Then Ψ satisfies:
Building Sub-and Super-Solutions
The goal is now to construct sub-and super-solution and to obtain bounds for the value function. Consider Ψ (0) and Ψ (1) given as a solutions to (7) and (12) . Using those, define
where M > 0 is a constant to be determined later. Since we want to use the fact that Ψ (i) , i = 0, 1 are solutions to (7) and (12), we first need to show that these exists and are unique. We will additionally show that they have smooth and bounded derivatives, as this will be useful in future calculations. Lemma 1. Assume that λ, α i , β i are bounded, twice differentiable with bounded derivatives, and that β i are bounded away from zero. Then, Ψ (0) and Ψ (1) , the solutions of (7) and (12) respectively, exist and they are unique and bounded. Moreover, their derivatives up to order two are bounded.
Proof. We show the proof for Ψ (0) , whereas the proof for Ψ (1) is similar. First, note that under our coefficient assumptions, the operator L appearing in (8) is uniformly elliptic. Then, existence and uniqueness of the classical solution Ψ (0) of (7) follows from [13] [ Theorems 10, 16] . By the Feynman-Kac formula (9) , it follows that Ψ (0) is bounded.
Since Ψ (0) is a classical solution to (7), it is differentiable, and we can consider Ψ
i , its derivative with respect to z i , i = 1, 2. They satisfy the system of PDEs:
Note that λ i here as per our convention denotes the derivative of λ with respect to z i , i = 1, 2. Denoting by
2 ) T and by Dλ the vector(λ 1 , λ 2 ) T , the system of equations (18) can be rewritten:
where I 2×2 is the 2 × 2 identity matrix, V is a 2 × 2 potential matrix, and the last term being a source term. Therefore, DΨ (0) is given by the Feynman-Kac formula
Under our coefficient assumptions, this shows that Ψ 22 and their boundedness is derived by using again a Feynman-Kac representation and our coefficient assumptions. Here, we omit these straightforward lengthy details as well as the calculation details for Ψ (1) given by (12) and its derivatives.
As a simple conclusion, assuming ε > 0 small enough, we also see that the sign of v ± is the sign of p, as Ψ (0) > 0, from its Feynman-Kac formula (9), and Ψ (1) is bounded. We next utilize the boundedness of the derivatives of Ψ (i) , i = 0, 1 to show that v ± from (17) are indeed super-and sub-solutions. From the heuristic calculation we expect the error in the expansion (11) to be of O(ε 2 ). The main idea of the proof is to show that the error can indeed be bounded by M ε 2 , for M > 0 big enough. This together with boundedeness of the derivatives, will allow us to conclude that v ± are suband supermartingales and to conclude that they sandwich the value function v. More specifically, we will show that v + is a supermartingale along any admissible strategy π, whereas v − is a submartingale, along the strategy π 0, * . This will also allow us to conclude that the strategy π 0, * is "nearly-optimal", in the sense that the error when this strategy is employed is indeed of O(ε 2 ) as heuristically calculated in (14) .
Theorem 2. In addition to the coefficient assumptions in Lemma 1, we assume that λ is bounded and bounded away from zero. Moreover, assume that p < 0. Then, for M > 0 large enough (independent of ε), the functions v ± defined in (17) satisfy v − ≤ v ≤ v + . Moreover, the strategy π 0, * given by (13) , is "nearly-optimal", in other words, if followed, then the expected utility of the terminal wealth will differ from the value function by O(ε 2 ), i.e.
Proof. From the boundary conditions of Ψ (0) and Ψ (1) , it is easily seen that
Moreover, assuming that ρ 12 = 1 + ρ
i ε, it follows that using π 0, * from (13)
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Note that Ψ (0) given out by (9) , by our assumption is bounded, and bounded away from zero, and, by Lemma 1, the derivatives of Ψ (0) and Ψ (1) appearing in the expression above are bounded. Looking at the factor of M ε 2 , for p < 0, we have that Γ < 0, and thus q ≥
We conclude that the (− M 2 ε 2 ) term is positive, assuming λ is bounded away from zero. Thus, assuming M > 0 is large enough, the entire O(ε 2 ) term is negative. Recalling that v − < 0, whereas for ε > 0 small enough, Ψ (0) + εΨ (1) (t, z 1 , z 2 ) − ε 2 M (T − t) > 0 , it then follows that v − using the strategy π 0, * is a submartingale. Thus
Recall that v + < 0 whereas, whereas for ε > 0 small enough,
Then, similar calculation with any admissible strategy π reveals
where the difference between this expression and (19) is only in the O(ε 2 ) term that does not depend on M , and the sign of the M 2 ε 2 term. Therefore, similarly we see that v + is a supermartingale, for any admissible strategy π, and we conclude that
Maximizing the right hand side over π, and combining with (19), we obtain
Moreover, the strategy π 0, * is nearly optimal, that is the expectation of the utility of the terminal wealth using that strategy matches the O(ε) of the value function.
Extension to Models with Multi Assets
We now show how to extend our results to a model with multi-assets, and multi-factors. Consider now a model with multiple assets governed by
where we use the vector notation Z := [Z 1 , . . . , Z m ] T and the correlation structure between the Brownian motions (W 1 , · · · , W n , B 1 , · · · , B m ) is given by: 
Assuming that the wealth is fully invested in the n stocks in a self-financed way, and r = 0, then, the wealth process is given by:
where π i (t) is the amount invested in asset i at time t. The value function of the optimal investment problem with terminal time T and utility U is:
where U(x) = x p p , p < 1, p = 0. We define the following operators:
The value function v then satisfies:
Our asymptotics will be around the case where the Brownian motions B k are fully correlated. In order to model this regime, we define:
and ρ
with ρ
(1,B) kk = 0 and ρ (1,B) kl < 0, and ε is a small parameter, 0 < ε 1, small enough to ensure a proper covariance structure.
Remark 1. The model that we are perturbing corresponding to ε = 0 in (23), cannot be of eigenvalue equality (EVE) type as considered in [1] unless m = 1, that is models with a single factor. Indeed, the matrix ρρ T with ρ ik = ρ i , 1 ≤ i ≤ n, 1 ≤ k ≤ m, admits zero as eigenvalue as soon as m ≥ 2 and therefore, cannot satisfy the EVE condition ρρ T = pI unless in the uncorrelated case ρ = 0.
In order to keep the formulas as explicit as possible, we present the case with two assets and two factors.
Model with Two Assets
We continue illustrate the calculation of the expansions in an example with two assets and two driving factors. Therefore the now model will be governed by (20)- (21) with n = m = 2. Maximization over π in (22) gives:
where v k denotes a derivative with respect to z k , k = 1, 2.
Substituting (24) into (22), it follows that
σi(z1,z2) , i = 1, 2.
Fully Correlated Case
Analogous to Section 2.2, we temporarily assume that the two stochastic volatility factors are fully correlated: ρ
We consider the ansatz
linearizes the equation to get:
We have the Feynman-Kac representation:
whereP is defined so that
ds is standard Brownian Motion under it.
Asymptotics
In the general case, we will assume a correlation structure of the form (23):
ik ε, i, k = 1, 2, and ρ
(1,B) 12
< 0 and ε is a small parameter, 0 < ε 1, small enough to ensure a proper covariance structure. As was done previously, we will now expand the general case, around the known case of ε = 0, and calculate the asymptotic expansion similar to (11) .
Note that the expansion has the same number of arguments as before, as there are still two factors, though the functions Ψ (i) , i = 0, 1, will be different. Expanding the correlation coefficients as in (26) and the value function as in (27), we see that Ψ (1) satisfies an equation similar to (12) :
We now consider a first order approximation to π * given in (24), by substituting the first order approximation for v from (11) 
Therefore,
We next use (π 1 , π 2 ) = (π 0, * 1 π 0, * 2 ) in the supremum of (22) together with the expansions (26), (27) and evaluate the equation, to get that:
where the last equality is obtained by cancelling the first two terms using the equations (25) and (28) satisfied by Ψ (0) and Ψ (1) respectively. To summarize, this formal computation shows that the strategy (π 1 , π 2 ) = (π 0, * 1 π 0, * 2 ) given by (29) generates the value v given by (22) up to order ε.
Explicit Formulas
We again consider a specific choice of a model, inspired by a model of Chacko and Viceira [4] , given by: (20) and (21). Also, setλ i =μ ī σi , i = 1, 2. In this case, the solution to the zeroth order Ψ (0) is explicit. Noticing that at the zeroth order, there is a symmetry between z 1 and z 2 , we assume the ansatz
Substituting this ansatz into (25) results in: Assuming the right hand side of (30) has two distinct solutions which is the case when p < 0, they are Indeed, if p < 0, it follows that −1 < Γ < 0, and q > 0, as 1 − ρ 
Equation (28) 
1i + (λ 2 −λ 1 ρ (z 1 + z 2 )(A(t)) 2 Ψ (0) ,
Using the fact that Ψ (0) satisfies (25), we look for a solution in the form Ψ (1) = ((z 1 + z 2 )A 1 (t) + B 1 (t)) Ψ (0) . In this case, A 1 and B 1 satisfy: .
It then follows that
A 1 (t) =Ā Finally, note that, as in the case of one stock, the strategy (31) generates the optimal value up to order ε.
